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We are concerned with polynomials {p!”'} that are orthogonal with respect to
the Sobolev inner product

o= | fedo+ i | 1 o,

where / is a non-negative constant. We show that if the Borel measurcs do and di
obey a specific condition then the p!'"s can be expanded in the polynomials
orthogonal with respect to dg in such a manner that. subject to correct normaliza-
tion, the expansion cocflicients, except for the last. are independent of # and are
themselves orthogonal polynomials in 2. We explore several examples and
demonstrate how our theory can be used for efficient evaluation of Sobolev~Fourier
coeflicients. U 1991 Academic Press, Inc.

1. INTRODUCTION

Orthogonality in Sobolev spaces has attracted considerable attention in
recent decades [1, 3-6, 8, 10, 17-207]. In the present paper we propose to
approach that oft-discussed problem from a different point of view.
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Throughout, the term “Borel measure” is used to refer to positive Borel
measures @ on the real line, satisfying the conditions

(" x*dp(x)| <, k=012 (1.1)

v x

(finite moments) and

|* ptx)do(x)>0 (12)

-

for each polynomial p that is non-negative for all real x and not identically
zero (positive definiteness).

Thus, if dp and dif are two Borel measures and 4 is a positive constant,
the Sobolev space W [(— 0, x), dp, dy] with the inner product

L

Srgdi=| Swe@det)+i| fgmdx)  (13)

— X

contains the space of all polynomials and it makes sense to study polyno-
mials that are orthogonal with respect to (-, ->,. Specifically, we say that
the nth degree polynomial p!®, p') 2 0, is Sobolev-orthogonal if

(F p@y, =0, k=0,1,..n—1. (1.4)

Note that, of course, the parameter 4 can be absorbed into dy. This,
however, will defeat one of the purposes of our investigation: to examine
the dependence of p*) upon Ai. Note further that the condition (1.2) is
equivalent to the requirement that the support of do should contain an
infinite number of points. In other words, we do not allow discrete
measures of the form

j f(x) dO(x =g

Much is already known about Sobolev-orthogonal polynomials. Some of
the familiar properties of the “standard” orthogonal polynomials can be
translated intact into the more general framework, with obvious
amendments: for example, among all nth degree polynomials with a fixed
coefficient of x", p'*) minimizes the norm that is induced by ¢-,-); [10].
Expansion of functions in {p{'}*_, with respect to the inner product (1.3)
is also a straightforward extension of the classical theory—cf. [1, 4, 18]—
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and it has attracted recent attention [6] because of its relevance to the
analysis of spectral methods for partial differential equations. However,
most properties fail or need be paraphrased to a large extent: three-term
recurrence relations are, of course, lost, as is the Christoffel-Darboux
formula. More importantly, zeros of p!*’ need not belong to the support of
the underlying measures [1].

Two sets of measures have been investigated in some detail:

-1 x< —1:
ex)=yY(x)=<x —I<xg;
| l<x
(the Legendre case) and
—1: x<0;
<P(X)—¢(x)—{_e N

(the Laguerre case). This led to the derivation of explicit forms, recurrence
relations, and localisation of zeros [, 4, 8].

Another problem that has recently received some attention is that of
Sobolev orthogonality with atomic measures, inclusive of the case of dy
being supported on a finite set {17, 20]. Although, strictly speaking, it
ccases in that case to be a Borel measure, < -, - ), is, nonctheless, a positive
inner product, as long as dg is a genuine measure.

In the present paper we study the expansion of p*’ in the basis spanned
by pg, Pys - Pa. Where the p,’s are orthogonal (in the usual sense) with
respect to the inner product defined by the first Borel measure, do. In other
words, p, =D, p'¥, where D, # 0 is a constant. Naturally, an expansion of
the form

n

pilx)=Y ri) pelx),  n=1,2,..
k

k=1

(it follows from (1.4) that r{"=0 for n>0), is always well defined.
However, it turns out that, subject to an extra condition being imposed on
the measures {dy, dy } and under correct normalization, the coefficient r{*’
depends only on its subscript for all k=0, 1,..,n—1. In other words,
subject to the p,’s being correctly normalized, there exist a,(4), 2,(4), ...
such that

n-1

PEN)=Y 2 (4) prlx) 4+ rM(2) po(x)

k=1
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for every n=1, 2, ... This leads inter alia to a recurrence relation of the
form
Py (X) = pi(x) =0, (A) (P (X)) = PulX)),

where o, can be written explicitly in terms of the x,’s. The last identity can
be employed to evaluate efficiently expansions of W ) functions in Sobolev-
orthogonal polynomials. Section 2 of the present paper is devoted to the
formai derivation of the aforementioned resulis, whereas in Section 3 we
study specific examples of {dop, dy} that obey the required condition and
in Section 6 we present the fast algorithm for the evaluation of Fourier-
Sobolev coefficients.

Section 4 is concerned with an extension of our framework, whereby p'*
can be expanded in p,’s with m and » of the same parity and the coef-
ficients of this expansion, except for the last, are independent of n.

The coefficients a, (note that we can remove the superscript) turn out to
be themselves orthogonal polynomials, and we devote Section 5 to the
determination of underlying measures.

2. COHERENT PAIRS

Let dp and 4 be two Borel measures and >0 a given constant. We
recall the definitions (1.3) and (1.4) of a Sobolev inner product <-, - ), and
a Sobolev-orthogonal polynomial p{*. Moreover, we let p, and g, denote

orthogonal polynomials with respect to de and 4y, respectively:

xS

J Plx) pa(x) do(x)

il

()m_,,C,,,

pnns mn=0,1, ..,

[ 4n) 4ux) ()

where 4, , is the delta of Kronecker. The p,’s are normalized so that

p® = p,. We define numbers 4, ,=4d, . by

don={" Do) PV AI), mn=01,

Obviously, since {po, p,, .., P»} Span the linear space of nth degree
polynomials, there exist r§", r{”, ..., r such that

n

pix)=Y ripulx). (2.1)

k0
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Of course, the r,’s are functions of 4. In fact, it will be shown below that,
under appropriate normalization, the r,’s are polynomials in 2. We note
that, since (1.4) with k =0 implies that

|w pP(x) do(x)=0,  n>1,

necessarily r{"’ =0 for all > 1 and the sum extends from k= 1.
Accordmg to the definition (1.4), p'¥ annihilates p,, .., p,_, in the

Sobolev inner product. We utilize the expansion (2.1) to obtain n—1

homogeneous linear equations in the n unknowns r{", r{", .., ri:

(£)

P PmYs

=3 rz"’m{f" Pul) plx) do(x)+ i [ pitx) p:,,(x)dw(x)}

k-1 -

=, PN+ 4 Z der(2)=0, m=1,2,.,n~1

k=1
We complement this system with the normalizing equation
Cnrfyn) + / z dk nt (") ‘) Q)(/)
k=1

where o will be assigned a specific value in the sequel. Reverting to a
vector form, we have the system

(C+/D)r" =we,, (2.2)
where
C:=diag{c,. ¢3, 1y Cu}> D:=(de)siar. nn

r' =, r8, L, r]7, and e, is the nth unit vector. The formal solution
of (2.2) by Cramer’s rule is

rM"=w(C+iD) 'e,= ad(C+4D)

"= 4e(C+ D) ™ (23)

where adj B is the “adjoint” matrix of B. This motivates our choice of
normalization,

_ det(C + 4D)
ﬂLi e
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Operating on (2.3) yields at once
P
(n) L(n) (n} p3

() —
pn/ _[rl ’rZ ""’rn

p’l

_ 1
T e
[Cci+4dy, Jdi, Ady,
idy  catAdy, - idy,
x det
A, oy A,
| id,, id,, - id,,

Note that our choice of  implies that, indeed, p!*'= p,.

Cp I+/'dn lon—1 Pn 1

P

P2
(2.4)

Pn

The last formula is, as such, neither surprising nor very interesting for
arbitrary Borel measures. Things, however, change when we confine our
attention to a subset of measures that possess an important feature: We say
that the pair {do, &y} of Borel measures is coherent if there exist non-zero
constants C, C,, ... such that, for all k, m=1, 2, .., C,C,.d,  is a function
of min{k, m} only. Without much danger of confusion, we write

! _ dmin]' k.m;
[¢ k.om —

Ck Cvm .
We renormalize the underlying polynomials

() (4)
Cnlpranm’ Cmpm Hpm‘

m=0,1,...

Hence d, ., > dpin vy and CJ ¢, ¢, This produces the expression

m

[ ¢, + 4d, ‘d,
Ad, ¢y + Ad,
. 1
L“ = n—1 det
k=1Ck . .
2d, +d,
| Jd, Ad, e Ad,

Cy.ot + ;"dn 1 pn {

Plj

1)

pn —

Next we subtract the bottom row from the remaining row to obtain
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p(/'»)= 1

" HZ;IM’A
¢ Mdi—dy) Mdi~dy) - Adi=d, ) pi—py ]
O C> j'(dZ_d‘) ;'(dz—dll l) p?._pn
0 O Cs ;'(dS—drz—l) P3— Pa

x det .

0 0 0 Cp o1 Pn-y— Pa
| id,  id, id, - id, |

(2.5)

Except for the bottom row, we have an upper triangular matrix. To
evaluate its determinant in a closed form, we seek Gaussian elimination
coefficients to induce zeros into the bottom row: These are functions
a,(4), 25(4), ..., a,, _,(A) such that

m-- 1
idy—72 Y (dp—d)ag+c,2,=0, m=12_.,n-1 (26)

k=1

Note that the «,,’s do not depend on n.

LEMMA 1. The solution of (2.6) obeys the three-term recurrence relation
Cm+l(dm_dm -l)am+1
= (Cm(dm +1 7 dm— l) + )'(dn1+ 1 dm)(dm - dm l)) Xy
_Cm—l(dm+l_dm)am | (27)
Proof. We set
b= Com o l(dm _dm l) A1 — {Cm(dm+ 1 _dm - l)
+ }~(dm+ 17 dm)(dm - dm— l)} Xy = Cpp . l(dm+ 1 dm) X 1- (28)

Rearranging (2.6) yields

m—1
Cma,":).( Z (dm—dk)ak—d,,,>.

k=1

We replace ¢,x, for e {m—1,m,m+ 1} in (2.8) by the above expression
to obtain
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(pzj‘{(d:)l—_ m <Z (dm'-l (1/<)1k_drn+l>

k-1

m 1

_(qu I_dm l)< Z (dm_dk)xk_dm>

k-1

- (dm + 1 dm) < Z (dm dl\ dm l)

k=1
- (dm +1 dm)(dm - dm 1 ) 1»1} =0

The proof follows. |

Note that, in order that (2.7) defines a,, _,, it is necessary that
d,—d, ,#0. It can be easily seen that this is, in fact, the case: if
d,=d,_, then the mth and (m — 1)st rows of the matrix D coincide and
D is singular. This is impossible, because D is a Gram matrix of linearly
independent polynomials. An alternative proof is implicit in the statement
of the second corollary to Theorem 2.

The three-term recurrence relation (2.7) is accompanied by the initial
conditions

a(A)= —g—li.; (2.9)
¢y
,. d - .

A5(4) = _d, dld=d) S, (2.10)
() (']('2

Once the 2,,’s have been determined by (2.7). (2.9) (2.10), we evaluate
the determinant in (2.5) by forming the product of the diagonal terms,
except that we must replace p, by the outcome of the elimination proce-
dure in the (n, n)th entry of the matrix, namely p, + 37 _1 a.(p, — p,)- The
result is

n-1

no1
px)= 3 am(i){)m(.’f)+<1 -2 1,,,(2)) PulX). (2.11)

m=1 m=1

Comparing with (2.1), it follows at once that we can identify r'?’ with «,,
for m=1,2,..,n— 1. In particular, it is a consequence of our analysis that
ri,’,” is independent of n for m=1, ..., n— 1. Before we formulate our results
in a theorem, we need to take care of the coefficient of p,,.

The identity (2.6) implies that

mo 1 m -1

LY dey=—c,u,—id, +id, Z 2. (2.12)

k=1



SOBOLEV ORTHOGONALITY 159

We shift the index by one in the last equation and add 4d,, %, , to both
sides to obtain

m- 1

mo |
;. Z dkak= _Cm ,O(,,, 1_/..d," ]+;.d”, 1 Z 1/\.. (213)
ko1 ko1

Next, we solve Eqgs. (2.12)}-(2.13) for }"_ ' 2, and >}'_ | d, ;. This yiclds

mo |

2 x, = 1 + Con@n = Cp 1 Xy .
k= - ’
k1 /~(dnx_dnl I)
m- 1 N .
d _ ‘mdm 1 X = Cpy - ldmam—l
L diu= i, —d
k=1 /'( m_(m—l)

Substitution into (2.11) finally produces the expansion of Sobolev-
orthogonal polynomials:

THEOREM 2. If {do, &y} form a coherent pair then

i b o (A)—c, %, (%)
It) X)= o (A (X _‘n n - n 1%n 1
p, ( /«'21 k( )pk ) "(dn_dn ])

pa(x),  (2.14)

where %\, %y, .., %,_; obey the three-term recurrence relation (2.7).
Consequently, the coefficients r{", k=1,..,n—1, depend only on their
subscript. ||

COROLLARY. Subject to coherence, it is true that

Co 1%y l(;) B C,,fX,,(/J.)
;'(dn+ 1 _dn)

Pl ()= pix) = -

(P (x)= p.(x)) (2.15)

Proof. We subtract (2.14) from a corresponding expression for p!) .
This produces

Cos1%n4 I(") B (',,1,,(/:)

[)f,il l(x) - pix’:)('\.) = - pn + I(X) + an("‘) pu(x)

}‘(dn [ _dn)
Cnan(/:')_cn ]1,,_](/;.)
- X). 2.16
Ad—d, y Y (216
It follows from (2.6) that
Cpy ]'1,,,](/:)‘—(',,1,,(/‘.)- - . ('nan(';')_cn—lxn--l(';-)
dn [ dn - ’-fx”(A) * dn - dn -1

and substitution in (2.16) furnishes the required expression. |
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The definition of coherence may seem at first sight rather strange and
difficult to verify. Fortunately, we are able to show that it is equivalent to
a condition that is far less technical.

THEOREM 3. The pair {do, dy} is coherent if and only if there exist non-
zero constants C,, C,, ... such that

g (x)=C, . pni(x}—=C, p,ix), n=1,2, .. (2.17)

Proof. Let us first assume that {dg, d} is coherent. Hence there exist
non-zero C,, C,, ... such that

* dmin m,
j p;(x)p;(x)dw(x)=—cﬁ, kym=1,2, ..

and it follows at once that

s

| PCoi P i(x) = Cupi(x)) dip(x) =0, m=1,2,..m

But {pi, p3, .., p,} spans all (n— 1)th degree polynomials, hence, (2.17) is
true.

The opposite statement follows just as readily, be reversing our argu-
ment: assuming that (2.17) holds, we have

0=|  pux) @) dp(x)= | P(x)(C,sy Par(x) = C pi(x)) di(x)

—_ o

for all m=1, 2, ..., n, therefore,

d C. d s m=12, .., A1

M1l =
Cn+l

It follows that C,C,,d,, ,, is independent of » for all m <n and depends only
on m=min{m, n}--precisely the definition of coherence. |

COROLLARY. Subject to coherence and assuming, without loss of
generality, thatr C, =1, it is true that

d,,1—d,=e,>0, n=0,1,... (2.18)

In particular, d,, . | — d, never vanishes.
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Proof. Subtracting

1

dy={  pix) P (x) ()

from

~ S

dn+1=. p;xolz(x)dw(x)
results in

dysri=dy=[" D s NP (¥) = PHx)) ()

”w

-~

L pam a0 =" g dp e,

Note that we have exploited the identity

[‘1 p;x(x) q,,(x)dl//(x)=0

in the derivation of the last expression. |}

COROLLARY. Subject 1o coherence and assuming, without loss of
generality, that C, =1, it is true that

l/ﬁ)(x)) - _ Cos ljl(l‘; l(/') _dcn)an(/‘) q”(x)' (219)
AUy T Uy

(4)

d
E(pno I(X)_pn

Proof. A straightforward juxtaposition of Theorems 2 and 3. ||

Before we conclude this section it is worthwhile to note that the three-
term recurrence relation (2.7) can be rewritten in a simplified form
involving e, =d,, , —d,,

Coms €. 1% + 1(/.')

= (('m(()m + € 1 ) + ;*()ln 1 ‘)m) 1m()') —Cm 1€m, 1»1 l(; ) (220)

3. COHERENT PAIRS AND CLASSICAL ORTHOGONAL POLYNOMIALS

Given two Borel measures do and dy, we say that dy is a companion of
do if {dp, dy } form a coherent pair.
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In the present section we assume that do is a measure that produces one
of the classical orthogonal polynomials—Jacobi, Laguerre, or Hermite -
and seek its companions. According to a theorem of Hahn [11], classical
orthogonal polynomials are precisely all the orthogonal polynomials whose
derivatives are also orthogonal with respect to some Borel measure dv.

Let us denote the monic orthogonal polynomials with respect to dv by
Ty, My, ... Thus,

1
n+1

7!,,(,\?): p:” 1(X), n=03 ]s""

where we stipulate, without loss of generality, that the p,’s are monic. The
main tool of our analysis is the identity (2.17), which expresses the g,’s,
subject to coherence, in terms of the n,’s.

Suppose that the n,’s obey the recurrence relation

nn& ,(x)=(.\’—a,,) nn(x)— nnn- I(x)~ (3'1)
We let
olx) =1,
4ol) (3.2)
qn(x) = 7("(,\’) -0'"7[,, l(x)’ h= l’ 25

(hence the g,’s are quasi-orthogonal with respect to dv [7]) and seek real
constants ¢, ¢,,..#0 such that {¢,}7_, is an orthogonal polynomial
system. According to the Favard theorem [7], this is the case if and only
if the ¢,’s obey a three-term recurrence relation, which we write as

qn+l(x)=(x_./‘n)qn(x)—(ann l(x)' (33)
Substitution of (3.2) into (3.3) yields
Ty, I(x) = (x +0',, t1 Yn) nn(x)

_(O'"X—O'"',‘n+(5,,)7t" l(x)+0n 15,17["—2()‘)-

We now exploit (3.1) to replace n,., and =, , in the last formula. This
gives

0 G, 10,0%,_
((1,,'*‘ Tp41 _y,,_%u> 71',,(X) = <<5n_ﬁn —O0u¥n +'l;—_l>
n 1 n 1

+<o,,—w—") x) T, o(x).  (3.4)
ﬂn 1
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Let us examine (3.4). Since n,_, and n, cannot share zeros, both sides of
the equation must necessarily vanish. Thus, we obtain

on—l()n _

— =0, 35
Xy + On i n ﬁ,, | ( )
d
) (3.6)
/;n 1
Gp_ I(Sn
6,211, (37)
ﬁn -1
The identity (3.7) yields
0,
(5" = ﬂn 1
(e

n 1

(recall that the o,’s do not vanish!) and substitution in (3.5)-(3.6) results
in

-1"+0'". I_;‘lx_an=0’ (38)
/L_&_Fan-l:?n' (39)
ag ag

n 1 n

Substitution of (3.9) into (3.8) gives

Ba Boi

:an+1n l+
a

n

Un+l+xn+

n 1

Consequently, the quantity o, , , +«, + f8,/0, is independent of n and therc
exists a real number & such that

}
a,,+l+oz,,+/—"=§, n=0,1,... (3.10)
We now set
0o =1
n=0103-0,, n=1,2,

Thus, 6,=A4,/A,_, and substitution into (3.10) affirms that each 4, is a
monic ath degree polynomial in ¢ that obeys the recurrence relation

A,,.](é)z(C—a,,)A,,(é)_ﬂ,,A,, l(é) (311)
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Note that the recurrence relations (3.1) and (3.11) are identical, although,
of course, they are subject to different initial conditions. The general solu-
tion of (3.11) can be expressed as {an,(x)+ (1 —a)n!''(x)} 7. ,, where the
n'!’s are the numerator polynomials corresponding to the measure dv [7].

n

It now follows from (3.3) that, for all n=1, 2, ...,

qn(x)z (An—l(é)nn(x)_An(é)nn l(x))' (312)

An- ](é)

Polynomials of this form were already investigated in [9, 12, 15, 16, 21,
227, mainly because of their connection with Christoffel weights of certain
quadrature formulae. In particular, Maroni [21] proved that, subject to ¢
being outside the (open) essential support of dv and to dv corresponding to
one of the classical orthogonal polynomials, they are orthogonal with
respect to the measure

dv(x)

, 3.13
2] (3.13)

(1—=c)o(x—¢)dx+c

where 0 <c < 1.
In the case of a Jacobi measure,

do(x)= (1 —x)* (1 + x)? dx, xe(=-1,1)
where o, > —1, it is well known that
do(x)=(1—x)* (1 +x)' P dx, xe(—=1,1)
[23]. Thus, letting £ = —1 and ¢ =1 in (3.13), we obtain
dy(x)=(1=x)""*(1-xVdx, xe(—11)

as a particular example of a companion of do.
Likewise, the Laguerre measure

do(x)= x%¢ ™ dx, x>0,
where 2 > — 1, yields

do(x)=x*""e *dx, x>0

[23]. Thus, an example of a measure that results in a coherent pair follows
when we choose ¢ =0 and ¢ =1 in (3.13): in that case dy(x)=de(x).
Finally, it is easy to see that if

dp(x)=e < dx, xe(—oxc, ),
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the Hermite measure, there exists no companion, since the support of do
{and hence of dv) is the whole real line and we cannot chose a real number
&in (3.13).

4. SYMMETRICALLY COHERENT PAIRS

If both measures dop and diy are symmetric (i.c., invariant under the
transformation x+ —x) then p'*), p,, and g, are of the same parity as n.
Therefore, expanding p'* in p,,’s, only terms that share the parity of n are
present. Consequently, expansion coefficients depend on parity and the pair
{dp, dy} cannot be coherent. (Note the lack of symmetry of the com-
panions (1 —x)**' (1 +x)*dx, (1 —x)* (14 x)** "' dx found above for the
symmetric Jacobi measure (1 —x)* (1 + x)*dx, x> —1.) Fortunately, a
relatively minor generalization of coherence caters for this situation.

Given symmetric dg and d, we say that {de, dy} is symmerrically
coherent if

d CiCodin i my: k and m are of the same parity;
Lm0 otherwise.

Moreover, a measure dy is termed a symmetric companion of do if the pair
{dp, dy} is symmetrically coherent. All the results of Section 2 translate to
this framework, with obvious amendments:

THEOREM 4. (a) The pair {do,dy} of symmetric measures is sym-
metrically coherent if and only if there exist non-zero constants C,, C,, ...
such that

qn(x)=Cnblp;ltl(x)_C‘n Ip;1 l(x)'

(b) Subject to symmetric coherence and assuming that, without loss of
generality, C, =1, it is true that

fri2] -1 e, (A)—c, -, (%)
1 v n 2%n 2\
Z an—zk("') pn—Zk(x)_ -

(2) X)= -
p” ( k 1 /‘(dn_dn 2)

Pa(X)

where the a,’s obey the three-term recurrence relation
Conv2€m 20, 2(’1) = (Cm(em + € 2) + ;'em— Zem) am(’:) —Cm 26,0,y 2()')-
(c) Subject to the same conditions, it is true that

nt1%ns l(']')_cn 1%y, l(';‘)
;‘(dn [ _dn - I)

pfxz-z-l('r)_pjxll)l(x)= —C (pn-&-l(x)_pn—l(x))
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and

Conv1Xps l(/-)_ Cn 1%y I(;~)

/.‘(dn v dn ])

d A
TP Pl )= 4,(x).

We need symmetric measures for symmetric coherence and our first
example is the Hermite measure dp(x)=c¢ “dx, —oc<x<x, that
already has been debated in Section 3 in the context of coherent pairs.
Thus, we have

Hu+ I(x) = ZXH,,(X)— 2an— I(x)

and the polynomials ¢,, being themselves orthogonal with respect to a
symmetric measure, obey a three-term recurrence relation of the form

qn 1 I(x):anan(x)_./nqn l('\‘)' (41)

Since ¢,=C,,  H,,,—C, (H, , and H,=2nH, |, substitution into

(4.1) yields

(n+2)Cn+2anl_nCan l=anx((n+l)(~nolHn_(n_l)Cn lHn—Z)
_fn(nCan l_(n—z)Cn-ZHn 3)'

Replacing H,,, with 2xH,—2nH, | and H, , with (xH,_,—31H, )/
{n— 2} leads to
x2n+2)C,,,—(n+1)a,C, ) H,
+ ( —nc‘n +nfnCn + %f;,c,, -2 2”(" + 1) C‘n + 2) Hn 1

+x((n_ l)ancn-- l_A/VnC‘n -2) Hu 2=0'

Next, we substitute (xH, ,—1H,)/(n—1) instead of H, ,. This yields

n 1
AXxH,(X)+(B¥+ Crx*)H, (x)=0,
where

] 1 1
AX=2n+2)Cprs=(n+1)a,Cppr—50,Cy 15—

B,’,“=—nC,,+nf,,C,,+%f,,C,, 2—2n(n+2)cn +2s
1
:‘:(Z"C” I_——f;vcrr 2-
n—1

/;l C‘n 25

c
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As in Section 3, it follows that A¥=B*=C*=0, since H, and H, ,
cannot share zeros. We obtain

n Cn 22(n+2)Cn+2+(:n'

a,,:n__l (,"-. | nc."+ %(~” , .
2 2 Cno’+(‘n
fnzn (n+‘) 1 ~- 5 ”=2.3,...,
4 n(’n+§(u 2
where
C
= (n+1) 2
pni=(n )C

n o1

obeys the non-linear recurrence
(n—=1)2p, 1+ 1)p, =p,. (42)

It is easy to see that any initial conditions p,, p, >0 produce in (4.2) a
positive solution sequence. In that case a,, f,>0 and thc mecasurc that
generates {q,} is positive definite. Thus, we have an example of a measure
that has an infinite number of symmetric companions (and, as we have
demonstrated in Section 3, no companions, whether symmetric or not).
Our next example of a symmetric measure with a symmetric companion
is the Gegenbauer measure do(x)= (1 —x?)" '3 xe(—1,1), where v>0.
Thus, p,=C}, the Gegenbauer polynomials [23]. Special cases include
1, the Legendre measure, and v=1, the Chebysher measure of the
second kind. We do not try to find all the symmetric companions—a single
example will suffice. Since

V=

%_ 1Cr_((x)=Cy ()} =2(n+v) Ci(x)
[23], it follows at once that the Gegenbauer measure is a symmetric com-
panion of itself.

This construction fails when v =0, since Gegenbauer polynomials are not
defined. This is an important special case, since it corresponds to the
Chebysher measure of the first kind. Fortunately, this measure is a com-
panion of itself for p,:=T,, C, := l/n, as can be scen at once from

d {Tn+l_Tn 1

— =U,~-U, .=2T,.
drx {n+1 n—l} n=Un 2 "

Note that the framework of Section 3 can be extended to symmetrically
coherent pairs, thereby characterizing all the symmetric companions of
Gegenbauer and Hermite measures.

640 65 2-4
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5. ORTHOGONALITY RELATIONS OF THE EXPANSION COEFFICIENTS

We have seen that, {do, dy} being a coherent pair, the expansion coef-
ficients in (2.1), except for the last, obey the recurrence relation (2.20). In
the present section we investigate some implications of this relation. Note
that we replace / with x, to emphasize that it is now the main variable,
rather than a parameter.

THEOREM 5. Let

R, (x):= — = L= n=0.1,..

Then the set {R,}*_, is orthogonal with respect to some Borel measure.

Proof. We have from (2.9)-(2.10) and from (2.18) that

Ryx)=1, Rx)=%4 (5.1)
CZdl Cy

Moreover, the identity (2.20) is “translated” into

Cot2€n Rn+ 1(X)

= (enen+ lx+cn+ l(en+ 1 +en)) Rn(-x)_cnen+1Rn l(x)' (52)

The coefficients c,, and e,, are positive for all m=0, 1, .... We now invoke
the Favard theorem [7] to deduce that there exists a Borel measure dy
such that

JUL R,.(x) R, (x) dy{x)=0, m#n |

K

The general connection between the measures do, d, and dy has not
been clarified as yet. However, several special cases are amenable to
analysis. It is convenient, first, to rewrite (5.1) (5.2) in terms of monic
polynomials. These are R, such that

. . | .
Ry(x)=1, Rl(x)=c,<g—+e—)+x,
1

0

. 1 1 - i~
Rn+l(x)={x+cn+l<_+ )}Rn(x)_cn—("z_an—l(x);

n enql

this can be readily verified, e.g., by using formulae from [7].
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We have proved in Section 3 that the Laguerre measure is a companion

of itself. We have p,=¢,=L)", x> —1, and
Fn+a+1
Cyp= (",, = (n+_)’ n= 0, ].

[23]. Writing R*(x):= R,(2x—2), we act on (5.2) to obtain
(n+1}n+24+2) R*, (x)=n+2)2(n+1)x+a) R¥(x)
—(n+ 1)(n+2)RY (x)

They can be converted to their monic version:

R:+l(.v):<.r+ )R*(x)—M R* (x). (5.4)

%
2(n+ 1)) " 4(n+1)

We compare (5.4) with the recurrence formula for the monic Pollaczek
polynomials

b ) () nn+2.-1)
n+it+a) " ¥ dn+s+a—1)n+4+a)

Pf; ' l(x)=<~"+ 13!’! (%),

where a, b, Ae# and a+ 4A>0 [7] It readily follows that the formulae

coincide for the choice a = — /2, b=2/2, and 4= 1+ %/2. Consequently,
(n+1)! \ ( 1 X az)
R(X)=-——P " 1+zx -2, 5]
A= 25, 2V T2

Orthogonality properties of Pollaczek polynomials are known when a > |b|
[7]. This corresponds to the case «e(—1,0] and we have

dy(2x —2) = (1 — x?)\2K 2 exp <at (cos ! \”—E)<1 _'\‘>m)
’ ’ T 2 M\ +x
2 1 —-x 12 2

{1+ 1+4i ; xe(—1,1)

< +2< +1<]+x> )) dx, xe(—1,1)
The support of dy is the interval (—4, 0). If x=0 then dy reduces to a shif-
ted Chebyshev measure of the second kind. Note that the underlying
measure has been identified for other values of ¢ and b in [2].

The next object of our attention is the Jacobi measure. We proved in
Section 3 that a coherent choice is

1 (a+ﬂ+2)n 1 P‘,‘/;)
(d+2)n 1 8
(=)' (2+p+2),

= 34+ 2n+2) PE1A)
g, 3 @i2), (x+p+2n+2)P)

X

[),,=(—])"
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We now exploit the identity

al

J (1= x)* (1 + x)" (P!*P(x))* dx
1

2P+ a) (1 4+ B) (1+a), (1+8),
h I(1+a+p) n(1+a+p), (1+x+f+2n)
Setting
Cuﬁh=2’+”+711+a)ru-+ﬁ)
Tt+a+p) ’
we obtain

I =C[1‘/3)< 1+a )2 (1+[3)n 1+CX+[;)"

l+a+p8) nt(1+2), (1+a+B+2n)
. =C‘“+"’” 1+8),2+x+p),
" 4 n! (2+2),
and (5.3) gives
R, \(x)=(x+a,) R(x)-b,R, ,(x), (5.5)

where

CBHat+f+2n+ /(1 +a) =B+ a+p+2n— /(1 +a) ﬂ2

" (14+m)Q+2+B+n)3+2+p+2n)

(1+a+n)(1+p+n)
I+l +a+B+n)(t+a+B+2n)3+2+f+2n)

n=

Some combinations of « and f yield simplified recurrences (5.5). For
example, letting =0 produces

. 1 A
n+v+ 1> Rolx) = (n+vin+v+ l)R" (%),

1%"+1(x)=(x+

where v := (1 + a). The underlying measure dy has not been identified.

Analysis of symmetrically coherent measures is similar to Theorem 5,
except that now we have two different three-term recurrences, one for
“even” polynomials E, (ie., those that appear in the expansion of p%’)) and
one for “odd” polynomials O,.. Our last example concerns the Gegenbauer
measures. Since

! 2w 12 e 2 _1‘(%)1“("*'%) (2v),
J 0 (1=~7) [CHx)]) dx = I(v) nl(n+v)
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[23], simple calculation leads to the monic recurrences

£ _{ . 207+ (@n+5)v+(2n+1)(2n+3) }-
SV TR Dind v+ D2nt v+ D2n+v+3))

_ 2n+1)2n+2v+1) i
64n+ D(n+)2n+W2n+v+ 1) 2n+v+2) "

1

and

o Ly 2vi+ (4n+3)v+an(n+1) } -
A 22n+ D)2n+v)2n+v+2)2n+2v + 1)f "

nn+v) o
42n+1)2n+v—-1)2n+v)  Rn+v+ DHR2n+2v—1) "

They remain true for the Chebyshev measure of the first kind, ie., when
v=0.

A very special case is the Legendre measure, which is obtained for v = 1.
In that case we have

E"+'={x+(4n+3)(4n+7)}E"
1 )
_(4n+1)(4n+3)2(4n+5)E""’ (56)
Opii=txi——2 1o
"+'—{x+(4n+l)(4n+5)} "
! ) (5.7)

C(@n—1)(4n+1)? (4n+3)0""1'

To identify dx'*) and dy'?, the “even” and “odd” measures in the Legendre
case, we recall for future reference that the modified Lommel measure has
a discrete spectrum, with jumps of 1/j7_, , at +1/j, _,,, k=1,2, .., where
Jux 15 the kth zero of the Bessel function J, and v> 1. The underlying
monic orthogonal polynomials posssess the three-term recurrence relation

1 .

h"+l‘V('r)=’vh"“.('x)—‘4(n+v— 1)(n+v)hn ].v(x) (5'8)

(7]
Let du be a symmetric Borel measure that generates monic orthogonal
polynomials {s,} with the three-term recurrence relation

S X)) =xs5,(x)—4,s, (x). (5.9)
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Since s, retains the parity of n, 1,(x) :=s,,, ,(V«";)/V/; is a polynomtal and
it _15 wel!_ known that it is orthogonal with respect to the measure
v X du(/x), supported by x e (0, oc) [7]. It is quite easy to prove that the
t,’s obey the recurrence relation

l,. l(x) = (x - ’12114- 17 ';'211 ' 2) I,,(.\') - )'2r"2‘21!+ 1 l(x)‘ (510)
We map x— — xin (5.6). It is now straightforward to verify that (5.6) and
(5.10) coincide for the choice

1 1

fpg = \ y=-.
din+v—1)n+v) 2

Thus, exploiting the connection between (5.9) and (5.10), we deduce that
dy'®) is a “one-sided” modified Lommel measure. Likewise, v =3 recovers
the recurrence relation for O,. But

2 1.2 12
J 112(-’)=<—_> cos 7, J,Az)z(%) sin z,

and it transpires that dy'®’ is an atomic measure with jumps of 1/k* at
—1/(n*k?), k=1, 2, .., whereas dy'”’ is an atomic measure with jumps of
ik + 4 at — 12k +4?), k=1,2, ...

6. EVALUATION OF EXPANSION COEFFICIENTS

Orthogonal polynomials can be evaluated very fast and robustly by
using their three-term recurrence relations. This is of major importance in
approximating the coefficients of expansions (generalized Fourier coef-
ficients) by quadrature. We are denied the comfort of a three-term
recurrence relation in the case of Sobolev-orthogonal polynomials.
However, if {dp, dy} form a coherent or a symmetrically coherent pair,
calculation of Sobolev-orthogonal polynomials and of Sobolev-Fouricr
coefficients can be accomplished efficiently. In the present section we
present an algorithm for that purpose. Another technique, as well as a
discussion of few exampies and approximation-theoretical aspects, appears
in [14].

Any fe Wi[(—oc, o0), dp, d] can be expanded in Sobolev-orthogonal
polynomials,

. Py “" ;‘ )
f~3 LE—)) P,

n=20 n
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where
Fl2)={fopD 00
p=L<p Py

We assume that {de, dy} is coherent (the case of symmetric coherence
is similar) and adopt the terminology of Section 2. Furthermore, we
stipulate that the polynomials were normalized so that C,,= 1. We define

Cn+lan+l(’t) L,,ﬁ,l( )

~(d,,  —d,)

G,(r) = —

Thus, it follows from Theorem 2 and its corollary and from the second
corollary to Theorem 3 that

pil’:‘l pir/)_on(pn-l-l_pn); (61)
p!ll/'*’; pi:)l—anqn' (6'2)
This are the key formulae that enable us to evaluate Fourier coefficients
efficiently.
Let

px £

=] B edetn. k=] he) bl dy(),

M

where g, and h, belong to appropriate Hilbert spaces. It follows from the
definition (1.3) of the Sobolev inner product that

Ja= PN+ A P,
PY = (pi P+ APy pi,” )a-

Multiplication of identity (6.1) by f and integration yield

(/; pix/ﬁl l_ fp(/) +6n{(f’pn+l)l_(fspn)l} (63)
and (6.2) similarily leads to
(.fl’ p;ti’?)z - (/ p(/“ + o’n(f’v qn)Z' (64)

Equations (6.3) and (6.4) combine into the recurrence
Jact D=1+ 0, N P i = o Pl + A4S g0)2). (65)

Thus, to evaluate the f,’s it is enough to calculate first the standard
generalized Fourier coefficients {(f, p,),} and {(f, 4.),} and then use the
recursion (6.5)—there is absolutely no need whatsoever to form Sobolev-
orthogonal polynomials p'*' explicitly!
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To evaluate 4, with ease we either use its definition and the recursion
(2.20) or combine that recursion with the identity

0,=0, |—%,

that can be easily derived from the theory in Section 2, and the initial
condition gy = 1.

Another sequence that needs to be evaluated is { p'*'}, and aiso this task
can be performed efficiently by exploiting coherence. We multiply both
sides of (6.1) by p’ and evaluate the Sobolev inner product. Since
(pl,, ply, =0, we have

ALA) — (4
P,,’ - —Un<pn+l—pm P >/'
_ f (41 (.} 1 (A)e
—’_on\{(pn%H pnA )Xﬂ(pnvﬁn )l-r/‘(\41w pn/ 7}
and

(pn +1- pil}.))l = (qn’ /7},“')2=0

gives
57 = 6,(p.. P, (6.6)

Multiplying (6.1) by p, , , and evaluating the (., - ), inner product yield the
identity

(pnb!ﬂ pLA')l)l=6n ”puvl”‘lzi (67)

since orthogonality implies that (p,. 1, Pu)y = 1P 1s PP), = 0. Shift of the
index in (6.7) and substitution in (6.6) give

pH=a,_ (4 p.* (6.8)

To sum up, we managed to reduce the evaluation of Fourier-Sobolev
coefficients to the evaluation of standard expansion coefficients with respect
to dp and diy—a task that is easy and safe to accomplish by virtue of
orthogonality—and a simple rccursion.
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